A method is developed to consistently satisfy the Gibbs equilibrium conditions between the quark-gluon and hadronic phase although each phase has been formulated in separate grand canonical partition function containing three quark flavours. The sector in the space of thermodynamic variables where the transition takes place is restricted to a curve, according to the phase diagram of QCD. The conservation laws of quantum numbers are also imposed on the transition curve. The effect of the inclusion of the newly discovered pentaquark states is considered. The freeze-out conditions of S + S, S + Ag (SPS) and Au + Au (RHIC) are found compatible with a primordial QGP phase, but the conditions indicated by P b + P b (SPS) are not.
Introduction
Quantum Chromodynamics is universally accepted as the theory of strong interactions.
Within the context of this theory the phase of Quark-Gluon plasma receives accurate description. However, the formation of the hadronic phase, which is the final state of any possible primordial QGP state, still remains an open problem in view of QCD. On the other hand the hadronic multiplicities emerging from heavy-ion collisions have been extensively and successfully predicted by statistical models using a handful of thermodynamical parameters [1] [2] [3] [4] [5] [6] [7] [8] . So the use of two separate models for the QGP and the hadron phase, called Hadron Gas (HG), offers a complementary approach.
QCD predicts that the transition between QGP and hadronic phase is of first order at high baryon densities (depicted by a critical line on the (T, µ B ) plane), while it is of higher order at small or zero baryon densities (crossover). The end point of the first order transition line is a critical point [9] . The transition points must be restricted to a curve on the phase diagram of temperature and baryon chemical potential. In view of this aspect any models to be used for the description of QGP and HG have to be matched properly at the transition between the two phases.
The aim of this work is to trace the sector of the space of thermodynamic variables where the QGP-hadron transition occurs, with the following requirements: a) Any mixed phase formed in the first order part of the transition must occupy only a curve in the space of the thermodynamic variables. This requirement is even more strong in the crossover area where a mixed phase does not exist. b) The Gibbs equilibrium conditions have to be satisfied, which amount to T QGP = T HG for thermal equilibrium, P QGP = P HG for mechanical equilibrium and {µ} QGP = {µ} HG for chemical equilibrium, where {µ} stands for the set of chemical potentials used in the description of the two phases. c) All the conservation laws of quantum numbers like baryon number B, electric charge Q, strangeness S, etc. have to be satisfied at every point on the transition line, in a way that they could be extended for every number of flavours that are present to the system. These problems are confronted every time separate partition functions are used for the two phases, but the simultaneous fulfilment of the above conditions has not been achieved.
(u = d ≡ q), the curve of equal pressures are made to approximately coincide by a choice on the external parameters B and a s , something which does not allow matching when other flavours are introduced. In [11] the strange fugacity λ s is discontinuous at the HG-QGP transition and the conservation of baryon number can only be accommodated at the case of first order transition. In [12] the strange chemical potential µ s is also discontinuous. In [13] onlyuarks are considered and the requirement of continuity of chemical potentials and conservation of baryon number leads to a mixed phase which occupies a surface and not a line on the (T, µ B ) plane. The same is true in [14] [15] [16] where also s quarks are included. In [17] there is an analogous situation as in [13] with a critical line at the (T, µ B ) plane but the conservation of baryon number is not considered. In [18] the q and s quark chemical potentials are continuous but baryon number and strangeness of the system are not kept constant during hadronisation, since hadrons evaporate from QGP. The considerations of [11] [12] [13] [14] [15] [16] [17] [18] are consistent with a first order transition but cannot be valid at the crossover region.
In this work all the thermodynamic variables and the pressure will be kept continuous at the transition line (in contrast with [10] [11] [12] ), the first order part of the transition will be presented by a line on the (T, µ B ) plane (differing from [13] [14] [15] [16] ), in the mixed phase the quantum numbers will be conserved to each constituent phase (differing from [14] ) and no evaporation of hadrons will be assumed from the system (differing from [18] ).
Let us consider the requirements that a system with n f quark flavours has to satisfy.
Every conservation law accounts for two equations to be fulfilled. One sets the value of the quantum quantity, e.g. < B > QGP = b i and the other assures the conservation at the phase transition, e.g. < B > QGP =< B > HG . The total number of equations that must hold are, thus, 2n f + 1 (the unit accounts for the equality of pressures). Assuming full chemical equilibrium every quark flavour introduces one extra fugacity in the set of the thermodynamical variables, which, with the inclusion of volume and temperature, amount to n f + 2. At the crossover region, the surviving free parameters to fulfil the necessary equations decrease to n f + 1, since the equality of volume V QGP = V HG results to the equality of densities between the two phases. At the first order transition line the free parameters are n f + 2, since now
It is evident then that the necessary 2n f + 1 conditions can be fulfilled only at the first-order part of the transition and only when there is one flavour present, n f = 1, or when the u and d quarks are considered identical (q quarks, described by a single chemical potential µ q ). It has to be clarified that the conditions like < B > QGP = b i have to be satisfied in order to have a whole line of transition points. If these equations are dropped then we are left with n f + 1 equations, which can be solved, but result to a unique point in the space of the thermodynamical parameters.
Expanding the fugacity sector
It is clear that in order to satisfy 2n f + 1 relations, every flavour has to be accompanied by two fugacities instead of one. The multiplicity data emerging from heavy ion collisions suggest that the thermalised hadronic system has not achieved full chemical equilibrium.
First the strangeness partial chemical equilibrium factor γ s had been introduced [2] and used extensively to model the data [3] [4] . Also a similar factor for the light quarks γ q was introduced [5] and used in many analyses [6] . Here the light u and d quarks will be accompanied by separate fugacities γ u , γ d . A factor γ j controls the quark density n j + nj in contrast to the usual fugacity λ j which controls the net quark density n j − nj [3] . These additional fugacities can serve the purpose of satisfying the necessary equations at the transition point, as well as, preserving the continuity of chemical potentials between the two phases.
A system with 3 flavours (u, d and s quarks) is described by the set of thermodynamical
Assuming strangeness neutrality at the QGP phase leads to λ s = 1. Setting x = V HG /V QGP , the set of equations to be satisfied at every phase transition point will be
where n denotes densities. For isospin symmetric systems one has to set β = 1 in (3).
Eqs. (1)- (5) have only one free variable, necessary to produce a whole transition line in the phase diagram. At crossover x = 1, whereas at the first order transition line the inequality V QGP = V HG preserves the survival of x as an extra variable.
A solution for the transition curve
Two simple models, will now be employed to apply the above considerations, the whole approach is, though, applicable to every partition function used. For the Hadron Gas phase all the hadronic states containing u, d and s quarks will be used [19] . The Bose-Einstein or Fermi-Dirac statistics applicable to each hadron will also be taken into account. Thus the HG partition function for point particles can be written down as
where g ai are degeneracy factors due to spin and isospin and α = −1(1) for bosons (fermions).
The index a runs over all hadronic families, each of which contains members with the same quark content and i to all the particles of this family. The fugacity λ a = j λ
where j = u, d, s and N j (Nj) is the number of j(j) quarks contained in a hadron belonging to family a.
The repulsion which is due to the finite hadron size can be taken into account. Assuming that each hadrons' volume is proportional to its mass, V ai /m ai = V 0 the following factor can be calculated
with V 0 remaining an open parameter controlling the hadron size. The pressure and the densities are then evaluated by
For the QGP phase a simple model containing 3 flavours is used. The quarks are noninteracting and only the presence of gluons is accounted for, as well as the effect of the vacuum through the MIT bag constant, B. A wealth of quark fugacities is easily accommodated, though, in this model. The QGP partition function is consequently
where N s = 2 and N c = 3. The index j runs to all quarks and antiquarks and the fugacity λj = λ −1 j and γj = γ j . The current quark masses are m u = 1.5, m d = 6.75 and m s = 117.5 MeV [19] .
Eqs. (1)- (5) are then solved for x = 1 for the crossover region. At the first-order QGP-HG transition a mixed phase is assumed (10) where the set of fugacities {λ, γ} are kept constant through out the first-order transition line, although the densities are not. The parameter 0 ≤ δ ≤ 1 and for δ = 0(δ = 1) we have pure HG(QGP) phase. Eqs. (1)- (5) are solved for the pure phases leading to the determination of the thermodynamic parameters. The constraints are then automatically satisfied for every point in the mixed phase. For example eq. (2) 
The pressure of the mixed phase is also kept constant. Through the validity of
The HG partition function (6)- (8) and the QGP partition function (9) is used to the system of eqs. (1)- (5). This system accepts as solution for the variable γ s the value 0, since then eq. (5) is automatically satisfied. This a trivial solution because it is equivalent to the absence of the strange quarks in the system and so such solutions should be excluded. A nontrivial solution for the thermodynamic variables is depicted for the parameters B 1/4 = 280
MeV and V 0 = 1.6/(4B). The position of the critical point is set at µ B cr.p. = 360 MeV as in [20] . For the ratio of the volumes x = V HG /V QGP the adopted form for µ B > µ B cr.p. is One direct consequence of the simultaneous solution of eqs. (1)- (5) is that the relative chemical equilibrium fugacities have values that depend on each other at every transition point. This is easily realised in the condition < S > HG = 0 (for λ s = 1). The solution of this condition is greatly simplified by the use of the Boltzmann approximation and the assumption that isospin symmetry leads to the approximate solution λ u = λ d ≡ λ q and
Neglecting trivial solutions, where γ s = 0, the zero strangeness condition can be solved to give
In eq. (11) F K represents the Kaon mesons, F H the Hyperon baryons (Λ's and Σ's) and F Ξ the Ξ baryons and the summation
includes all members of every family. In the above relation K denotes a modified Bessel function of the second kind. It is evident from eq. (11) that the increase of the relative chemical equilibrium factor for light quarks, γ q and the increase of the light quark fugacity λ q leads, at constant temperature, to the decrease of the factor γ s and, thus, to the strange content of the system at the transition point.
Inclusion of pentaquarks
Recently there has been evidence of hadrons containing five quarks. These 5-quark states are the Θ + (1540) [21] with I = 0 and quark content uudds and the Ξ * (1862) with I = 3/2.
The content of the states Ξ * (1862) is ssddū (for the state with electric charge Q=-2), ssudū (with Q=-1), ssudd (with Q=0) and ssuud (with Q=+1). The existence of the first three of the states Ξ * (1862) has been confirmed [22] . Due to the quark content of these states the eqs. (1)- (5) are altered. This can easily be realised if the corresponding equation of (11) is written down as
The existence of Θ hadron drives γ s to higher values with a strong dependence on γ q and λ q , whereas the inclusion of the Ξ * states contribute to decrease of γ s .
The system of eqs. (1)- (5) Also, γ s > 1, which is in agreement with the enhancement of strangeness production in the QGP phase.
Application to heavy-ion data
The quantum constraints previously discussed can be used as a diagnostic tool for a primordial QGP phase. Assuming (a) that a quark-gluon phase has been formed in a collision experiment and (b) that the chemical freeze-out occurs right after the transition to the hadronic phase, then the freeze-out thermodynamic variables have to fulfil eqs. (1)- (5). If, on the contrary, no quark-gluon state is formed before hadronization, then, the restriction on the freeze-out conditions of the system is diminished. The thermodynamic variables are extracted through a fit of the experimentally measured particle multiplicities or ratios to a statistical model. Such a technique has been successful. If now the additional constraints (1)- (5) are imposed, the question that arises is whether a successful fit is also produced or the variables that these constraints imply are inconsistent with the data.
It is easier for the fitting procedure to form a subset of the necessary equations and apply them in order to determine first a subset of the available parameters. Eq. (4), when eqs. (2) and (3) are valid, can equivalently be rewritten in the form
Eqs. (3), (5) and (14) (referred to as Set B) now form a set of equations that do not depend on the parameters V 0 for the particle size, B (MIT bag constant) nor the ratio x applicable to the first order transition line. Especially eq. (5) is completely model independent and under the assumptions of isospin symmetry and Boltzmann statistics can acquire the simple form (11) or (13). Eq. (14) is also model independent since the volume corrections have been cancelled out. Eq. (3) depends only on the quark masses.
On the contrary, eqs. (1) and (2) are model dependent and contain unknown parameters.
However, if the freeze-out parameters are determined they can be inserted to eq. (2) to determine V 0 (assuming that x is known) and then eq. (1) can be used to determine B. This task serves to show that eqs. (1) and (2) The data used are listed in Table 1 and they are in all cases full phase space multiplicities except from the RHIC data which are measured in the midrapidity. The experiments are so chosen because they do not produce great baryon chemical potential at freeze out and so they are probably at the crossover area [20] , allowing one to set x = 1. The technique can be applied to the first order transition case, determining the freeze-out variables, but then the unimportant parameters V 0 and B cannot not be uniquely determined.
The theoretical calculation of the particle multiplicity necessary to perform a fit to the experimental data has been carried out with the partition function (6), (7). The right Bose-Einstein or Fermi-Dirac statistics for every particle has been used throughout the calculations. The feeds from the decay of resonances have also been included.
The results from the fits performed are listed in Table 2 . The set of constraints B includes the conditions that the system freezes on the QGP-Hadron transition line. For comparison, the χ 2 /dof result from the fit with only the constraints relevant to the hadronic phase (eqs. (5) and (14) with λ s left as a free parameter) is also listed in the sector of set A. The value of β is set to 1 in the case of S + S, 1.1 in the case of S + Ag, 1.27 for P b + P b and 1.25
for Au + Au. Two fits are performed in each case, one with all the multiplicities included and one without the multiplicity that contains the pions. The reason is that the inclusion of this multiplicity deteriorates the quality of the fit [8, 27] 2 . So a bad fit, when the additional constraints of set B are imposed, may be partly due to the presence of this multiplicity. For this reason the fit without the pions is more reliable.
For the S + S and S + Ag data the quality of the fit with set B is of medium quality (χ 2 /dof = 2.94 and 1.91, respectively) when the pions are present. This is not far worse, though, than in the case of set A. When the pions are excluded the fit turns out to be very good in the case of set B (χ 2 /dof = 0.47 and 0.0675, respectively), proving these cases to be completely compatible with a primordial quark-gluon phase.
In the case of P b + P b the imposition of set B severely worsens the quality of the fit. The situation cannot be remedied with the exclusion of pions and χ 2 /dof remains at the value of 18. Also the fitted temperature in case of set B is unrealistically high.
The findings concerning the S + S and S + Ag data are in agreement with the proximity of the chemical freeze out points of these experiments to the Statistical Bootstrap critical line that was found in [8] . On the contrary the freeze out point of P b + P b was not found to posses such an attribute in [29] , also in agreement with the present results.
In the case of RHIC the imposition of set B does not lead to a good quality fit in the presence of pions (χ 2 /dof = 3.86), but the fit turns out to be quite good when the pions are excluded (χ 2 /dof = 1.2), so the thermodynamic parameters are compatible with a QGP phase.
The extracted parameters in case of set B are inserted to eqs. (1) and (2) All the previous fits have been performed without the presence of the pentaquark states.
Similar fits have also been performed with the inclusion of the pentaquarks. The difference in the extracted parameters, apart from the volume, is found to be at most 1.4% and in the parameter V T 3 at most 6% and so they are not listed.
The necessity of the expansion of the fugacity sector with the partial equilibrium fugacities is also revealed with the application of the present technique. If these fugacities are set to γ u = γ d = γ s = 1 then the sector of the phase space that is compatible with the QGP-hadron transition is severely limited. In that case if a similar fit to the set B is performed, apart from the fact that eqs. (3) and (14) cannot be accommodated, the fit turns out to be worse.
The result in the case without the pions is then χ 2 /dof = 0.61, 1.05, 26.1 and 1.86 for S + S, S + Ag, P b + Bb and Au + Au respectively. In the case of Au + Au the compatibility with the QGP phase turns out to be dubious now.
Conclusions
Although two different partition functions are used for the description of the quark and hadronic side of matter, it is possible to preserve the continuity of all chemical potentials and, of course, temperature at the transition between one another, which is confined on a curve. Also, all the constraints imposed by the conservation laws of quantum quantities and the continuity of pressure can be applied, leading, at the same time to a non-trivial solution of the thermodynamic variables into a three quark flavour system. The key issue for the success of this project is the expansion of the fugacity sector of the available variables and the, already, introduced relative chemical equilibrium variables can be used to serve that purpose.
The restrictions on the freeze-out conditions imposed by the existence of a quark-gluon state in the early stages after a collision experiment can be applied to every case that the thermalisation of the produced hadrons has been proven. They can serve to separate the experiments compatible with QGP state from those that are not. In a simplified and quick to use form these restrictions acquire the form of eqs. (11) or (13) . The expansion of the fugacity sector with the partial equilibrium fugacities, though, magnifies the part of the phase space allowed by such constraints.
The whole methodology that was presented can be used for every grand canonical partition function adopted for the description of the HG or QGP phase. The inclusion of interaction is crucial for the prediction of the critical point and the volume expansion ratio, which could not be determined by the models used in this work. At the moment lattice calculations have led to the determination of the accurate quark-gluon equation of state with three quark flavours at finite baryon chemical potential [20, 30] . It would be interesting, though, if these calculations could be extended with the inclusion of the relative chemical equilibrium variables for light and strange quarks, allowing matching with the existing hadron gas models. For the hadronic side of matter the inclusion of the attractive part of interaction can be incorporated via the statistical bootstrap [7, 8] , where the prediction of a critical point is also possible [31] . The incorporation of the full set of parameters γ i to these studies would allow for a more precise matching with a primordial quark phase. Table 2 . The results of fits on the S + S (NA35), S + Ag (NA35), P b + P b (NA49) and
Au + Au (STAR) data with the imposition of the set of constraints A and B, without the inclusion of the pentaquark states. *"fjVg`h
